The prime aim of the present study is to present analytical formulations and solutions for the buckling analysis of simply supported functionally graded plates (FGPs) using higher order shear deformation theory (HSDT) without enforcing zero transverse shear stresses on the top and bottom surfaces of the plate. It does not require shear correction factors and transverse shear stresses vary parabolically across the thickness. Material properties of the plate are assumed to vary in the thickness direction according to a power law distribution in terms of the volume fractions of the constituents. The equations of motion and boundary conditions are derived using the principle of virtual work. Solutions are obtained for FGPs in closed-form using Navier's technique. Comparison studies are performed to verify the validity of the present results from which it can be concluded that the proposed theory is accurate and efficient in predicting the buckling behavior of functionally graded plates. The effect of side-to-thickness ratio, aspect ratio, modulus ratio, the volume fraction exponent, and the loading conditions on the critical buckling load of FGPs is also investigated and discussed.
Introduction
Functionally graded materials (FGMs) are the new generation of novel composite materials in the family of engineering composites, whose properties are varied smoothly in the spatial direction microscopically to improve the overall structural performance. These materials offer great promise in high temperature environments, for example, wear-resistant linings for handling large heavy abrasive ore particles, rocket heat shields, heat exchanger tubes, thermoelectric generators, heat engine components, plasma facings for fusion reactors, and electrically insulating metal/ceramic joints and also these are widely used in many structural applications such as mechanics, civil engineering, optical, electronic, chemical, mechanical, biomedical, energy sources, nuclear, automotive fields, and ship building industries to minimize thermomechanical mismatch in metal-ceramic bonding. Most structures, irrespective of their use, will be subjected to dynamic loads during their operational life. Increased use of FGMs in various structural applications necessitates the development of accurate theoretical models to predict their response.
In the past, a variety of plate theories have been proposed to study the buckling behavior of FGM plates. The classical plate theory (CPT) provides acceptable results only for the analysis of thin plates and neglects the transverse shear effects. Javaheri and Eslami [1] , Abrate [2] , Mohammadi et al. [3] , Mahdavian [4] , Feldman and Aboudi [5] , Shariat et al. [6] , and Tung and Duc [7] employed this theory to analyze buckling behavior of FG plates. However, for moderately thick plates CPT underpredicts deflections and overpredicts buckling loads and natural frequencies. The first-order shear deformation theories (FSDTs) are based on Reissner [8] and Mindlin [9] accounts for the transverse shear deformation effect by means of a linear variation of inplane displacements and stresses through the thickness of the plate, but requires a correction factor to satisfy the free transverse shear stress conditions on the top and bottom surfaces of the plate. Although the FSDT provides a sufficiently accurate description of response for thin to moderately thick plates, it is not convenient to use due to difficulty with determination of the correct value of shear correction factor [10] . The authors [11] [12] [13] [14] [15] [16] used FSDT to analyze the buckling of FG plates. In order to overcome the limitations of FSDT many HSDTs were developed that involve higher order terms in Taylors expansions of the displacements in the thickness coordinate. Javaheri and Eslami [17] , Najafizadeh and Heydari [18] , Bodaghi and Saidi [19] , Bagherizadeh et al. [20] , and Mozafari and Ayob [21] used the HSDT to analyze the buckling behavior of FG plates. Ma and Wang [22] have investigated the axisymmetric large deflection bending and postbuckling behavior of a functionally graded circular plate under mechanical, thermal, and combined thermal-mechanical load based on classical nonlinear von Karman plate theory. They observed from their investigation that the power law index " " has a significant effect on the midplane temperature, critical buckling temperature, and on the thermal post-buckling behavior of FGM plate. Hosseini-Hashemi et al. [23] have developed the closedform solutions in analytical form to study the buckling behavior of in-plane loaded isotropic rectangular FG plates without any use of approximation for different boundary conditions using the Mindlin plate theory. Saidi et al. [24] employed the unconstrained third-order shear deformation theory to analyze the axisymmetric bending and buckling of FG solid circular plates in which the bending-stretching coupling exists. Oyekoya et al. [25] developed Mindlin type and Ressner type element for modeling of FG composite plate subjected to buckling and free vibration. Further, they studied the plate for the effect of different fiber distribution cases and the effects of fire distribution on buckling, and free vibration. Ghannadpour et al. [26] applied finite strip method to analyze the buckling behavior of rectangular FG plats under thermal load. The solution was obtained by the minimization of the total potential energy and solving the corresponding eigenvalue problem. Thai and Choi [27] presented a simple refined theory to analyze the buckling behavior of FG plates which has strong similarity with classical plate theory in many aspects, accounts for a quadratic variation of the transverse shear strains across the thickness, and satisfies the zero traction boundary conditions on the top and bottom surfaces of the plate without using shear correction factors. The governing equations were derived from the principle of minimum total potential energy. The effects of loading conditions and variations of power of functionally graded material, modulus ratio, aspect ratio, and thickness ratio were also investigated by these authors. Thai and Vo [10] have developed a new sinusoidal shear deformation theory to study the bending, buckling and vibration of FG plates accounting for sinusoidal distribution of transverse shear stress and satisfies the free transverse shear stress conditions on the top and bottom surfaces of the plate without using shear correction factor. Uymaz and Aydogdu [28] analyzed the rectangular FG plates under different axial loadings for buckling based on small strain elasticity theory with different boundary conditions. They also investigated the effects of the different material composition and the plate geometry on the critical buckling loads and mode shapes.
Lal et al. [29] have examined the second order statistics of postbuckling responses of FGM plate subjected to mechanical and thermal load with nonuniform temperature changes subjected to temperature independent and dependent material properties. The effect of random material properties with amplitude ratios, volume fraction index, plate thickness ratios, aspect ratios, boundary conditions, and types of loadings subjected to temperature independent and temperature dependent material properties were investigated through numerical examples.
This paper aims to develop analytical formulations and solutions for the buckling analysis of functionally graded plates (FGPs) using higher order shear deformation theory (HSDT) without enforcing zero transverse shear stress on the top and bottom surfaces of the plate. This does not require shear correction factor. The plate material is graded through the thickness direction. The plate's governing equations and its boundary conditions are derived by employing the principle of virtual work. Solutions are obtained for FGPs in closed-form using Navier's technique and solving the eigenvalue equation. The present results are compared with the solutions of Thai and Choi [27] to verify the accuracy of the proposed theory in predicting the critical buckling loads of FG plates. The effect of side-to-thickness ratios, aspect ratios, and modulus ratios and the volume fraction exponent on the critical buckling loads are studied after establishing the accuracy of the present results for FG plates.
Theoretical Formulation
In formulating the higher order shear deformation theory, a rectangular plate of length , width , and thickness ℎ is considered, which composed of functionally graded material through the thickness. Figure 1 shows the functionally graded material plate with the rectangular Cartesian coordinate system , , and . The material properties are assumed to be varied in the thickness direction only and the bright and dark areas correspond to ceramic and metal particles, respectively. On the top surface ( = +ℎ/2), the plate is composed of full ceramic and graded to the bottom surface ( = −ℎ/2) which composed of full metal. The reference surface is the middle surface of the plate ( = 0). The functionally graded material plate properties are assumed to be the function of the volume fraction of constituent materials. The functional relationship between the material property and the thickness coordinates is assumed to be
where denotes the effective material property, and denote the property on the top and bottom surface of the plate, respectively, and is the material variation parameter that dictates the material variation profile through the thickness. The effective material properties of the plate, including Young's modulus, , density, , and shear modulus, , vary according to (1) , and poisons ratio ( ) is assumed to be constant.
Displacement Models.
In order to approximate 3D plate problem to a 2D one, the displacement components ( , , , ), V ( , , , ), and ( , , , ) at any point in the plate are expanded in terms of the thickness coordinate. The elasticity solution indicates that the transverse shear stress varies parabolically through the plate thickness. This requires the use of a displacement field, in which the inplane displacements are expanded as cubic functions of the thickness coordinate. In addition, the transverse normal strain may vary nonlinearly through the plate thickness. The displacement field which satisfies the above criteria may be assumed in the form:
( , , ) = ( , ) + ( , )
where , V , and denote the displacements of a point ( , ) on the midplane. , are rotations of the normal to the mid plane about and -axes. * 0 , V * 0 , * , and * are the higher order deformation terms defined at the mid plane. By substitution of displacement relations from (2) into the strain displacement equations of the classical theory of elasticity, the following relations are obtained:
where
Elastic Stress-Strain Relations.
The elastic stress-strain relations depend on which assumption of = 0. In the case of functionally graded materials the constitutive equations can be written as 
where = ( , , , , ) are the stresses, = ( , , , , ) are the strains with respect to the axes, and 's are the plane stress reduced elastic coefficients in the plate axes that vary through the plate thickness given by
where is the modulus of elasticity of the ceramic material and is the modulus of elasticity of the metal.
Governing Equations of Motion.
The work done by the actual forces in moving through virtual displacements, which are consistent with the geometric constraints of a body, is set to zero to obtain the equation of motion and this is known as energy principle. It is useful in (a) deriving governing equations and the boundary conditions and (b) obtaining approximate solutions by virtual methods. Energy principles provide alternative means to obtain the governing equations and their solutions. In the present study, the principle of virtual work is used to derive the equations of motion of functionally graded plates.
The governing equations of displacement model in (2) will be derived using the dynamic version of the principle of virtual displacements; that is,
where = virtual strain energy, = virtual work done by applied forces, = virtual kinetic energy, + = total potential energy.
The virtual strain energy, work done, and kinetic energy is given by
where = distributed load over the surface of the plate. and the inplane loads perpendicular to the edges = 0 and = 0, respectively, the distributed shear forces parallel to the edges = 0 and = 0, respectively, 0 = density of plate material,̇0 = 0/ ,V 0 = V0/ , and so forth, indicate the time derivatives.
Substituting for , , and in the virtual work statement in (7) and integrating through the thickness, integrating by parts, and collecting the coefficients of , V , , , , * , V * , * , * , the following equations of motion are obtained: 
where the force and moment resultants are defined as
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And the transverse force resultants and the inertias are given by
The resultants in (11)- (12) can be related to the total strains in (5) by the following matrix: 
, * denote the transverse force result
The (5) and (11)-(12).
Analytical Solution for the Simply Supported Plate
Let be simply supported rectangular plate with length and width which is subjected to in-plane loading in two directions ( = − 1 cr , = − 2 cr , = 0). The following expressions of displacements are chosen based on Navier's approach to automatically satisfy the simply supported boundary conditions of the plate:
The eigenproblem related to governing equations is defined as
where [ ] collects all stiffness terms and [ ] collects all terms related to the in-plane forces. In (20) X are the modes of buckling associated with the buckling loads defined as . For each value of and , there is a unique value of cr . The critical buckling load is the smallest value of cr ( , ). For convenience, the critical buckling load is presented in nondimensionalized form as
Results and Discussion
Example 1. The first comparison is carried out for simply supported FG plate subjected to uniaxial compression along the -axis ( 1 = −1, 2 = 0). The comparisons of nondimensionalized critical buckling loads ( ) obtained by the present theory and those given by Thai and Choi [27] are presented in Table 1 . It can be observed that the predicted results are almost identical with that of Thai and Choi [27] . It can also be seen that the critical buckling load decreases with the increase of power-law index value while it increases with the increase of side-to-thickness ratio and aspect ratio. Furthermore, increasing of thickness ratio and aspect ratio not only increases the critical buckling load values, but also causes the changes in critical buckling modes. This can be observed when the plate is subjected to inplane compression along the -axis with aspect ratio value of 2. The critical buckling mode varies from (3,1) to (2,1) as the side-to-thickness ratio increases from 5 to 10. The maximum percentage error between present HSDT and Thai and Choi [27] is 3.9 at /ℎ = 5, / = 2, and = 2. Example 2. The next comparison is performed for the simply supported FG plate subjected to inplane biaxial compression ( 1 = −1, 2 = −1). The results of critical buckling loads obtained by the present theory and those reported by Thai and Choi [27] are presented in Table 2 and observed the close agreement between the results. It can be seen that, in this loading condition also, the nondimensionalized critical buckling load decreases with the increase of power-law index, while it increases with the increase of aspect ratio and sideto-thickness ratio, but only one critical buckling mode exists Table 3 . It can also be seen that, under biaxial compression and tension, the critical buckling load decreases with the increase of power-law index value while it increases with the increase of side-to-thickness ratio and aspect ratio, same as in uniaxial and biaxial compression. Also, increasing of thickness ratio and aspect ratio not only increases the critical buckling load values, but also causes changes in critical buckling modes. This can be observed when the aspect ratio value is 1.5. The critical buckling mode varies from (2,1) to (1, 2) for the values and the side-tothickness ratio increases from 5 to 10 and 20 to 50. The maximum percentage error between present HSDT and Thai and Choi [27] is 2.90 at /ℎ = 5, / = 2, and = 2.
Example 4. The last comparison is carried out for the simply supported FG plates under inplane uniaxial compression ( 1 = −1, 2 = 0). The results predicted by present theory are compared with the classical plate theory (CPT) [16] and firstorder shear deformation theory (FSDT) [16] are presented in Table 4 . The maximum percentage error between present HSDT and CPT and HSDT and FSDT for = 0.1, 1, and 10, respectively are 5.633954, 0.19667, 5.195466, and 0.42725, 8.294579, 4.39547 at /ℎ = 10. It is also seen that, the CPT and FSDT overpredicts the critical buckling load for all thickness ratios.
Parametric Study.
The effect of side-to-thickness ratio, aspect ratio, and the modulus ratio on nondimensionalized critical buckling load for simply supported FG plate made of Al/Al 2 O 3 with = 0 is investigated. Figures 2-4 represent the variation of nondimensionalized critical buckling load with side-to-thickness ratio, aspect ratio, and modulus ratio, respectively, under uniaxial compression. From Figures 2-4 , it is important to observe that the nondimensionalized critical buckling loads are higher for ceramic rich plates and lower for metal rich plates. The critical buckling loads of FGM plates are intermediate to that of ceramic and metal. From Figure 2 it is seen that the effect of shear deformation is significant for a side-to-thickness ratio less than 10 and diminishes with increase of side-to-thickness ratio. The increase of aspect ratio increases the critical buckling load due to increase of stiffness of the plate as shown in Figure 3 . From Figure 4 , it can be seen that the nondimensional critical buckling load decreases as the metal-to-ceramic modulus ratio increases and decreases as the power law index increases. This is due to the fact that higher values of metal-toceramic modulus ratio correspond to high portion of metal. The effect of side-to-thickness ratio, aspect ratio, modulus ratio, and power law index values on nondiensionalized critical buckling load for a simply supported FG plate under biaxial compression is shown in Figures 5, 6 , and 7. The same can be observed as in the case of uniaxial compression. It is important to observe that the critical buckling loads are larger in uniaxial compression and smaller in biaxial compression. Figure 8 shows the variation of nondimensionalized critical buckling load of different modulus ratios and power law index values under inplane compression and tension. It can be observed that critical buckling load decreases with the increase of modulus ratio and power-law index values. 
Conclusions
A higher order shear deformation theory was successfully developed and applied to study the buckling behavior of functionally graded plates without enforcing zero transverse shear stresses on the top and bottom surfaces of the plate. The present formulation was compared with the refined theory developed by Thai and Choi [27] and proved very accurate for the buckling problem. This eliminated the need of using shear correction factors. It can be concluded that the present theory is accurate and efficient in predicting the critical buckling load of simply supported FG plates. Hence, the present findings will be useful benchmark for evaluating other future plate theories and numerical methods such as the finite element and meshless methods.
